
3. INTEGERS 

s.1Natural numbers. 

The set N consiting of numbers 1,2,3,... is called the set of all natural 

sumbers. The well ordering property of the set N states that 

non-empty subset of N contains a least element. 

This means that if S be a non-empty subset of N there is some 

natural number a in S such thatagz for all x in S. 

3. Principle of induction. 

Let S be a subset of N with the properties- 

(6) 1 belongs to 8, and 
(i) whenever a natural number k belongs to S, then k+ 1 belongs 

to S. 
Then S= N. 

Prof. Let T be the set of all those natural numbes which are not in 
S. The theorem will be proved if we can prove that T is an empty set. 

Let us assume that T is a non-empty set. Then by the well ordering 

property T possesses a least element, say m. Since 1 e S,m> 1 and 
o -1 is a natural number. Again since m is the least element in 

T,m-1 is not in T and so m-1 is in 5. 
m-1 is in S, by (i) (m-1)+1 is in S, i.e., m is in S which 

is contradiction. 

Therefore our assumption is wrong and T is empty and the theorem 
is proved. O 

heorem 3.1.2. Let E, be a statement involving a natural number 
n. I 

() E is true, and 
is true whenever E is true, where k is a natural number, 

ben E, is true for all natural numbers. 
0Let S be the set of those natural numbers n for which the Proof. 
Satement E, is true. 

Then S has the properties-

cla 



HIGHER ALGEBRA 

106 

() 1eS, and 
(i) k+1¬S whenever k E S. 

Then by the principle of induction S =N. 

Thus E, is true for all neN. D 

Note. To establish a theorem (or a proposition) involvin 

numbers by the principle of induction, both the con 
must be established. 

The condition (i) is called the basis of induction and the ase 

made in the condition (i) is called thbe induction hypothesispi 

conditions (i) and ( 
g natur 

Worked Examples. 

Use the principle of induction to prove that 

1+2++n= , for all natural numbersn. 

Step 1. For n = 1 the statement is true because 1 = ) 

Step 2. Let us assume that the statement is true for some natun 

Dumber k. Then 1 +2++k= E+). 

Therefore 1+2++k+ (k+1) = +(k+1) = &+Ulk+0 
This shows that the statement is true for the natural number k+1 

if it is true for k. 

By the principle of induction, the statement is true for all natural 

numbers T. 

2. Prove that 3 8n-1 is divisible by 64. 

We use the principle of induction to prove the statement. Let n)= 

32 8n1. 

Step 1. f1) = 9-8-1 = 0.f(1) is divisible by 64. Therefore 
statement is true for n =1. 

Step 2. S(k +1) -f(k) = [32k+2 -8(k+1)- 1- (32 8k-1 
8(32 1) = 8(9*- 1) 
= 8.8(9** +9-++1) 
=64p where p is an integer. 

Therefore f(k +1) is divisible by 64 if f(k) is so. 
This proves that the statement is true for k +1 if it is true 

rk. 

By the principle of induction, the statement is true for au 
all natuwral 

3. Use the principle of induction to prove that for all natural number 

numbers n. 

n,(a1@2a2-) s* sLt ,where a, 's are positive real 
mbers 
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for i=1,2,,2", 

The statement statement is true for n = 1, since (a1a,)1 s uta (i) 

natural number. 

Then (a1a2.ag )s tagt.to 

Let byagh+i 
lor i= 1,2,...,2. 

Let us 
assume that the statement is true for n= k, where k is a 

ataat0at = p, say. 
24 

Then 
(6b.b»)* y tbat*at = q, say. 

Now f(a1@a.0)* (b1ba...b)* )i = (po)t 
s by (i) 

or, 
(a1a2...ag+u)*T itat*)+(6 +bat+6) 

ie., (a1a2. . az+)TT tat) 

This shows that the statement is true for n =k+1, if it be true for 
2+1 

n=k. 

By the principle of induction, the statement is true for all natural 

Dumbers n. 

There is a variation of the principle of induction. 

Let S be a non-empty subset of N such that 

() no ¬ S, and 

(i) if k(2 no) ¬ S then k+1e S. 

Then S= {n e N:n2 no) 
We can utilise this principle to prove that if P(7) be a statemerit 

involving a natural number n satisfying the following conditions 

(6) P(no) is true (no being the least possible natural number), 
and (i) for k2 no, P(k +1) is true whenever P(k) is true. 

Then P(n) is true for all n 2 o 
Worked Example (continued). 

Prove that n!> 2" for all natural numbers n2 4. 

Let P(n) be the statement n!> 2". 
The statements P(1), P(2) and P(3) are not true. 
Tbe statement P(4) is true, since 4! > 2". 

Let us as8ume that P(k) is true where k is a natural number 24. 

Then kl>2*. 
Multiplying both sides by k+1, we have (k+ 1)!>2*.(k+1)>2**, 

since k1>2. 
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This shows that P(k+ 1) is true whenever P(k) is true. 

le natural 

for number), by the principle of induction the statement P(n) iar Since the statement P(n) is true for n = 4 (the least possihi. 

he statement P(n) is true 
all natural numbers n24. 

3.1.3. Second princlple of induction. 

Let S be a subset of N such that 

(i) 1e S, and 

(i) if {1,2,...,k} c S, then k+1eS. 

Then S=N. 

Proof. Let T = N- S. We prove that 7' =¢. f not, T being a non. 

ng empty subset of N must have a least element, say m, by the well ordering 

property of N. 
Since 1 E 5,m #1. Therefore m>1. 

By the choice of m, all natural numbers less than m belongs to S. 

Hence 1,2,..., m-1¬S. 

By (i) meS, a contradiction. 

This proves T = ¢ and therefore S = N. O 

Worked Example (continued). 

5. Prove that for all n E N, (2+3)"+(2-V3) is an even integer. 

Let P(n) be the statement (2+V3)"+(2-3) is an even integer. 

The statement P(1) is true, since (2+V3) + (2- V3) = 4 and it 

is an even integer. 
Let assume that P(n) is true for n = 1,2,... ,k. 

(2+v3)k+1+(2- 3k+1 
= a++b*1, where a =2+ v3,b=2- V3 
= (a* +b*(a +6) - (a*-1+-1Jab 
4(a +) - (a*-1+b*-1). 
This ie an even integer, since ak + band ak-1 +bare e even 

integers, by assumption. 
This shows that P(k +1) is true whenever P(1), P(2), ***" true. 

), P(k) are 

By the second principle of indåction, the statement P(n) 3* all natural numbers n. 

ue for 
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3.2. Integers. 

The set of all of all integers, denoted by Z, cousists of whole umbers +2+3,... .. The set of all positive integers (a proper suhset of 
0,t1.+2, t3,.. 

ntified with the set N. We shall use the properties and principles 
Theorem 3.2.1. Division algorithm. 

Given integers a and b with b >0, there exist unique integers q and r such that a = bg +T, where 0 r<b. 

of Nin connection with the proof ol any theorem about positive integers 

Proof. Let us consider the subset of integers 

S= {a- bz:z¬ Z,a-bz 2 0). 
First we show that S is non-empty. 
Sinceb2 1,| a | b2]a |. Therefore a+ | a |b2 a+ | a |2 0. 
This shows that a - b(-la|) ¬ S and therefore S is non-empty. 
Since S is a non-eunpty set of non-negative integers, either 
(i) S contains 0 as its least element, or 

(i) S contains a smallest positive inetger as its least element by the 
well ordering property of the set N. 

In either case, we call it r. Therefore there exists an integer q such 
that a bq = r, r20. 

We assert that r <b. Because if r2b, then 

a-(+1)b = (a -qb) -b=r-b>0. 
This shows that a - (g+1)b belongs to S and also a - (g +1)b = 

T-<r. This leads to a contradiction to the fact that r is the least 
element in S. 

Hence r <b and consequently, a = bg + r where 0 r< b. 

n order to establish uniqueness of q and r, let us suppose that a 
has two representations: a=bq +T, a = by1 +ri where 0 r<b, 
0STI<b. 

Then b(g-91) = ri -r or, b]9-91 l=|ri-r|: 
But 0 r <b and -b < -r 0 yield -b < ri- r <b, i.e., 

=r|kb. Consequently. 19- l. 
Since q and g1 are integers, the only possibility is q = q) anl therefore

T=r. D 

einition. q is called the quotient and r is called the remainder in 
the division of a by b. 
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tained y A more general version of the Division algorithm is oht 

taking b a non-zero integer. 

Theorem 3.2.2. Given integers a and b, with b #0, there ut 

integers q and r such that a = bq + r, 0 Sr<|b[ 

Proof. With the previous theorem already established, it js 

consider the case in which b is negative. Then | b |> 0. Bv tl h 

theorem, there exist unique integers qi and r sucth tlhat 

exist uniqe 

cno 

previoaus 
a = 1bla1 +r,0S.r <|b} 

-bq1 +r. 

Therefore a = bq + r where 9 -91. O 

To illustrate the division algorithm, let us take b = 3, a = -20.2. tn 

-20=3. 7+ 1 gives g-7,r = 1 

2 3.0+2 gives 
10 3.3 + 1 gives 

0,r = 2 

q 3,r =1. 
Let us take b = -3, a = -20, 2, 10. 

-3.7+1 gives 
2 = -3.0+2 gives 

10=-3. -3+1 gives =-3.r =1. 

=7,r =1 
= 0,r = 2 

-20 

When the remainder in the division algorithn1 turns out to be 0, the 

case is of special interest to us. 

Definition. An integer a is said to be divisible by an integerb#0u 
there exists some integer c such that a = bc. 

We express this in symbol b |a and read "b divicdes We also 

express this by the statements 
of " 

"b is a divisor of a", "o is a itltie 

Ifb is a divisor of a, then -b is also a divisor of a, because 
a = bca = (-b)(-c). Thus divisors of au integer occur 1 pa 

The following properties are immediate (assuming that a a 

always a non-zero integer). 

() alb and b| c> a|c, 
(il) a lb and b | a if aud only if a = tb. 

Theorem 3.2.3. Ifa | b and a lc then a | (bx + cy) for arDi 
integers r and y. 

Proof. Since a | b, b= ad for some integer d. 
Since ac, C ue for some integer e. 
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Therefore 
bz +cy = adr +aey = a(d + ey). 

his 
shows that a | b +cy whatever integers z, y may be. D 

K19Prove 
that the product of ny n consecutive integers is divisible by 

LA a be the quotient and r be the remainder when c is divided by 

Worked Examples. 

m. 
the consecutive integers be c,c+ 1,c+2,...,c+ (m - 1). 

Then c= mg +r, 0Sr<m. 

When r 0, c= mq and therefore m | 

when r= 1, c+ (m - 1) = ni{q+ 1) and therefore mle+ (m -1): 
when r= 2, c+m-2= m(q +1) and therefore m|c+ (m -2): 

when r= m -1, c+1 = m(q + 1) and therefore mlc+1. 

Therefore whatever integer r may be, m divides one of the integers 

cc+1,.c + (m - 1) and it follows that the product c{c + 1)(c+ 

2)...(C+m-1) is always divisible by m. 

.Use division algorithm to prove that the square of an odd integer is 

of the form 8k +1, where k is an integer. 

By division algorithm every integer, upon division by 4, leaves one 

of the remainders 0, 1,2,3. Therefore any integer is one of the forn1s 

4g, 4q+1,4q +2,4q + 3, where q is an integer. 
Odd integers are of the forms 4q + 1,4g +3. 
Now (dq+ 1)2= 8(22+ q)+ 1 is of the form 8k +1, 

(4g +3)2 
Hence the square of an odd integer is of the form 8k+1. 

8(2q +3q + 1)+1 is of the forn1 8k + 1. 
= 

Definition. If a and b are integers then an integer d is said to be a 

cOmmon divisor of a and b if d |a as well as d | b. 

Since 1 is a divisor of every integer, 1 is a common divisor of a and 

b. 

neredore, for an arbitrary pair of integers a,b there exists alway'S a 

Common divisor.

both of a and b be 0 then each integer is a common divisor of a and 

. 
Dut if at least one of a and b is non-zero there is only a finite number 

POS1ve commmon divisors. Of these positive common divisors, there 

Ocatest one, called the greatest common divisor and is denoted by 

gcda, b). 
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Definition. If a and b are integers, not both zero, the greatest co 
dirisor of a and b, denoted by gcda, b) is the positive integerd sat) 

(i) da and d | b; 

(i) if el a and c |b theu c|d. 

mmon 

For example, let a = 12,b = - 18. Then the positive divisors of 12 

are 1.2,3. 1.6, 12 and those of -18 are 1.2, 3.6, 9, 18. 

Therefore tlhe pusitive common divisors are 1,2.3.6 

gcd(12. -18) = 6. 

Sinmilarly grd(15, 8) =1, ged(20. -50) = 10, gcd{0.5) =5. 

Note. It follows frou the defiuition that ged(a,-b) = ged(-a.b) = 

ged(-a,-b) = geil(a, b). where a, b are integers, not both zero. 

Theorem 3.2.4. If a and b are integes, not botl1 zero. then there exit 

itegers u and v suclh that grd(a. b) = an + b. 

are 1,2.3.6 and 

Prouf. Let S = {ar + by: *. y ¬ Zand ur + by > 0}. First we show that 
S is a no-eu1pty set. 

Since at least one of a.b is non-zero. let a #0. Then |a |> 0. 
Therefore | a |= a.r +6.0 is an element of S, where we choose a =1 

if a>0 and * = -1 if a < 0. 

Since S is a uon-eupty sct of positive integers, by the well ordering 
property of the set N, S contains a least element, say d. 

Then d= au + be for sonie integers u, v. By division algoritlhuu, a = dg +r where q and r are integers wItn 
0Sr<d. 

Tlerefore r = -dq 
- (uu + bu)q 

=a(l- ug) + b(-vg). This representation shows that if r> 0 then r e S. But d is the least cleneut in S and since r <d, rg S. Consequcutly. r = 0. 
This proves that a = dq. i.e., d is a divisor of a. By sinilar arguments we can prove that d is a divisor of b. Therefore d becoues a conmon divisor of a and b. To prove that d is tlhe gcd(a, b). let us assune that c is a cu divisor of a and b. 

Then ela and e |b and therefore c | au + bw, by Theorem 3. .2.3 i.e., cd and this proves tl1nt d is the greatest comnon divisor. For exauple, 
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ged(-4, 20)=4 and 4-4.(1)+20.0 
gcd(55, 35) = 5 and 5=66.2+35.(-3) 

ged(-9, 13) =1 and =-9(-3)+13. -2. 
gcd(0,9)=9 and 9 0.0+9.1 

The ged(a,b) is the least positive value of az +by where z, v Note 1. Th 
are integers. 

But and y are not uniquely determined integers for which the 
integer az+by is least positive. Because if d= au + bv, where u and v 
integers then d can also be expressed as d = a(u + kb) + b(v - ka) 

where & is an integer. 

Ror example, let a = 15, b = 24. Then d = 3. d can be expressed as 

d= 15(-3) +24.2, or as d= 15(-3+24k) +24(2-15k) for any integer 

k. 
Note 2. Guaranteed by the theorem it is always possible to express 

ncdla, b) as a lineár combination of a and b. But the theorem gives no 

clue how to express gcd{a, 6) in the desired form au + bu, i.e., how to 

determine u and v. This will be discussed in a subsequent article. 

Worked Example (continued.) 

J. Show that ged(a, a +2) =1 or 2 for every integer a. 

Let d= gcd(a, a +2). Then d | a and d | a +2. 
Therefore d| az +(a +2)y for all integers z,. 
Taking 7 = -1 and y =1, it follows that d | 2. ie., d is either 1 or 

2. 

Theorem 3.2.5. If k be a positive integer, ged(ka, kb) = k.ged(a, b). 

Proof. Let d = ged(a, b). Then there exist integers u and v such that 

d au+bu. 
Since d=gcd(a, b), dla and d|b. 
dakd | ka, d | b> kd | kb. 
Therefore kd is a common divisor of ka and kb. 
Let c be a common divisor of ka and kb. 

CI a ka = pe for some integer p and c | kb> kb = gc for some 

integer q. 
Now kd = k(au + bu) = pcu + qcv = (pu +qv)¢. 

As Pu+gu is an integer, it follows that c| k. 
Conpequently, kd = ged(ka, kb), i.e., ged(ka, kb) = k.gcd(a, b). 

to each other (or relatively prime) if gcd(a, b) = 1. to e . Two integers a and b, not both zero, are said to be prime 
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Theorem 3.2.6. Let a and b be integers, notbo 
b are prime to each other if and only if there exist integers 

that 1= au +bu. 
Proof. Leta and b be prime to each other. Then gcd(a, b) =1 . 
fore there exist integers u and v such that 1 = au + bu. 

Conversely, let us suppose that there are integers u and u Rue 
l = au + bv and let d= gcd(a, b). 

Since da and d | b then d| ar + by for all integers z and . 
Hence d 1 and this implies d = 1, since d is a positive integer. a 

both zero. 
hen a and integers ua and v such 

There 
ch that 

Theorem 3.2.7. If d= ged(a, b), then and are integers prime t each other. 

Proof. Since d | a, there exists an integer m such that md=, 
Since d | b, there exists an integer n such that nd = b. 

As mand = n, å and are integers. 
Since d= gcd(a, 6), it is possible to find integers u and v such that d = au+ bv. 

Therefore 1 =(g)u+()u. 
This form of representation shows that and are integers prime to each other. 

Theorem 3.2.8. If a | bc and ged(a, b) = 1, then a c. 

Proof. Since gcd(a, 6) = 1, there exist integers u and v such that 1 au+bu. Therefore c = acu+bcv. 
Since a| ac and a | be, it follows that a | {(ac)u + (bc)v} whica 

means a|c. O 

Corollary. If ap = bg and a is prime to b then a lg and b | P Theorem 3.2.9. If a lc and b|c with gcd(a, b) = 1, then ab| C 
that 

Proof. Since a | c and b | c, there exist integers m and n suca C am= bn. 
Since gcd(a, b) = 1, there exist integers u,v such that 1 = au Therefore c = (au)c + (bu)c 

v. 

ab(un +vm) ~ ab | c. 
ogether 

Note. Without the condition ged(a, b) = 1, a lc and b Ie ws may not imply ab |c. 
For example, 4 | 12 and 6| 12 do not imply 4.6 | 12. 
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Theorem 3.2.10. Ifa is prime to b and a is prime to c then a is prime 

Since a is prime to c, am +cn =1 for some integers m,n. (ü) 

Since m+cun and vn are integers, it follows that a is prime to be. 

to be 
Since a is prime to b, au+bu=1 for some integers u, v .. (0) 

From (1) From (i) acun +bcUn = C=l- am by (i). 

or, a(m+cun) + bc(vn) = 1 

Worked Examples (continued). 

4. Ifa is prime to b, prpve that a + b is to prime to ab. 

Since a is prime to b, there exist integers u and v such that au+bv 

1. This can b� expressed as a(u - v) +(a+b}v =1. 
Since u-v.and v are integers, it follows that a is prime to a+b. 

Again, au +bu = 1 can be expressed as (a +b)u +b(v -u) = 1. 
Since v-u and u are integers, it follows that a+b is prime to b. 

By Theorem 3.2.10, a +b is prime to ab. 

5Ifa is prime to b, prove that 

(0) is prime to b, 
(i)a is prime to b?. 

) Since a is prime to b, there exist integers u and v such that 
ad +bo = 1. Then au=1-bv 

o, au=l-2bu +b 
or, au+b(20 -bu2) = 1. 
Since u and 20 bu are integers, it follows that a2 is prime to b. 

(Since a is prime to b, there exist integers m and n such that 
a m +bn1. Then bn = 1 - a*m 

or, bn21-2a?m +a m2 
or, a"(2m - a'm*) +bn* =1. 

Since n' and 2m a?m2 are integers, it follows that a is prime to 
. 

6. ITd=god(a, b), show that gcd(a,P) = &'. 

e dged(a, 6), a = dp and b = dg, where p, g are integers prime to each other. 

Therefore a2 = dp?,= d and this shows that d is a common 
divisor of a? and b. 
apnd29cdla,8) = #'u, where u is a positive integer. Then d'uld'p 
and dudq? and therefore ulp and u|s But ged(p,g) =1 ged(P,#)=1. 
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Since u is a common divisor of p and and god(p3, 2) 

follows thatu=1. Hence gcd(a",b) =d. 

7. If gcd(a, b) = 1, show that ged(a +b, ad- ab + 6) = 1 or 3, 

Let d gcd(a +b, a2- ab +6*). Then d| a+b and d | (a2-ahi a 
This implies d | (a + 6)(a +b) - (a2- ab +b), i.e., d | 3ab, 

Therefore d|a+b and d | 3ab. Since gcd(a, b) = 1, it follows t 
gcd(a+b, ab) = 1. Since d| a+b and gcd(a + b, ab) = 1, we prove tha 

gedld, ab) =1. 
There exist integers u and v such that ula +6) + v(að) = 1. Sin 

dla+b, a+b= dp for some integer p. Therefore (up)d + v(ab) =1 
and this shows that d is prime to ab. 

d| 3ab and d is prime to ab implies d|3. Therefore d = 1 or d=3 

= 1, i 

nce 

8. Prove that the product of any three consecutive integers is divisible 
by 6. 

By division algorithm, any integer, upon division by 3, leaves 
of the remainders 0, 1,2. Therefore any integer n is one of the forms 3k, 3k+1,3k +2. 

When n 3k, n is divisible by 3. 
When n=3k+1, n+2 is divisible by 3. 
When n= 3k+2, n+1 is divisible by 3. 
It follows that for any integer n, n(n+1)(n+2) is divisible by 3. 
Again, the product of two consecutive integers is divisible by 2. Therefore 2 |n(n+ 1)(n +2) and 3|n(n+1)(n+2). Since ged(2,3) = 1, it follows that 2.3 | n(n +1)(n +2), i.e., 6| n(n+1)(n +2). 

3.2.11 Euclidean algorithm. 
Euclidean algorithm is an efficient method of finding the greate common divisor of two given integers. The method involves repea application of the division algorithm. 
Let a and b be two integers whose g.c.d. is required. Since gcd(a, 8) = ged(|a ,|b|), it is enough to assume that a an are positive integers. Without loss of generality, we assume a > 0 By division algorithm,a = bq1 +ri where 0 Si<b. If it happens that r=0, then b| a and gcd(a, b) = b. Ifr#0, then by division algorithm, b= riga+r2 where 0 T 
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Ifr=0, the proces stops.If ra # 0, by division algorithm 

r= ra93+rs where 0 ̀ ra<rz. 
The process continues until some zero remainder appears. This must 

happen becBuse the remainders ri, "2, r3,... form a decreasing sequence 
of integers and since ri < , the sequence contains at most b non- 

negative integers. 

Let us as8ume that rn+1 =0 and rn is the last non-zero remainder. 

We have the following relations 
= bg1 +T 

T192 +T2 
0<Ti <b 
0<T2<Ti 

ri T293 +T3 

n-2 Tn-19n+ Tn 0< rn Tn-1 
Tn-1 Tngnt1 +0. 

We assert that ra is the gced(a, b). First of all we prove the 
lemma-If a=b� +r, then ged(a, b) = ged{b, r). 

Proof. Let d = god(a, b). Then d|a and d | b. 

This implies d | a - bq, i.e., d |r. This shows that d is a common 
divisor of b and r. 

Let c be a common divisor of b and r. Thenc|bg +r, i.e., c|a. 

This shows that c is a common divisor of a and b. 
Since d= ged(a, b), it follows from the property of the g.c.d. that 

cld and this gives d = ged(b, r). 

We utilise the lemma to show that rn= gcd(a, 5). 
T gcd(0,rn)= ged(rn-i, n)= gcd(Tn-2,Tn-1) 

ged{b, ri) = gcd(a,5). 

Also we have rn = Tn-2- Tn-19n 

Tn-2 (Tn-3- Ta-29n-1)9n 
=(1 +gn-19n)rn-2 +(-gn)Tn-3. 

Tn is expressed as a linear combination ofrn-2 and r,-3. Proceeding 

Dackwards we can express r as a linear combination of a and b. 

Worked Examples (continued). 

Calculate gcd(567, 315) and express gcd(567,315) as 567u +315, 
where 4,v are integers. 

By division algorithm, 

1+ 21+252 4. 
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Then 567=315.1 +252, 315 = 252.1 +63, 252= 63 A 63.4 +0 
The last non-zero remainder is 63. Therefore ged(567, 315) =3 
We have 63 = 315-252.1 

= 315-(567- 315) 
= 567.(-1) + 315.2 
= 567u +315v, where u = =2. 

10. Find two integers u and v satisfying 63u +550=1. 
63 and 55 are integers prime to each other and therefore there evi 

integers u, v such that 63u + 55v = 1. 

By division algorithm, 
63 55.1+8, 55 8.6+7, 8 7.1+1. 

We have 1=8-7 8-(55- 8.6) =8.7 55 
= (63 55).7-55 = 63.7 +55.(-8). 
Therefore u =7,v = -8. 

11. Find two integers u and v satisfying 54u +24v = 30. 

Let us find the ged(54,24). 
By division algorithm, 54 24.2 +6, 24 6.4+0. 
Therefore gcd(54, 24) = 6. 

Now 6 54 24.2 = 54.1 +24.(-2). 
Consequently, 30 = 54.5 +24.(-10). Therefore u = 5,v = 10. 



The Dlophantine equation. 

in in- 
Gree 

An equatlon In one or more unknowns which is to be Bolvo 

tegers is sald to be a Dlophantine equation, named ater the 
mathematician Diophantus, who initiated the study of such probles 

A given linear Diophantine equation of the form az + by =e. 

ion. 
may 

have many solutions in integers or may not have even a single soluti 

For example, the equation 2+4y =6 has many solutions in intes 

since 2.14.1 = 6, 2-5+4(-1) = 6, 2.9+ 4.(-3) = 6,.. 

Whereas, the equstion 2z+4y = 3 cannot have a solution in integen 
since the left hand side is always an even integer for every pair of intege 
,y, while the right hand side is odd. 

First of all, we discuss the condition for solvability of the line 

equation ar +by = c in integers, where a, b,c are integers and a,b are 

not both zero. 

Theorem 3.2.16. Ifa,b,c are integers and a,b are not both zero, the 

equation az+by=c has an integral solution if and only if d is a 

divisor of c, where d = gced(a, b). f (zo,vo) be any particular solution of 

the equation, then all integral solutions are given by (o +,o-) 
for different integers t. 

Proof. Let (z1,vn) be an integral solution of the equation az+by =c 

Then az+byi = c, where z1,¥I are întegers. 
Let ged(a, 6) = d. Then d | a and d| b. 

This implies d | azi +by1, i.e., d | C. 

Conversety, let ged(a, b) be a divisor ofe. 
Let gcd(a, b) = d. Then d- au +bu for some integers ,. 

Let c= dp where p is an integer. 
Then c= (au + bw)p = a(up) + b{up). 

This shows that (up, vp) is a solution of the equation az + b 
Clearly, up and vp are integers. So the equation ar -+y =c ba5 an 
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integral solution. 

To prove the the second part, let (z'.y) be any other solution. Then 

ar'+by. which gives a(r - zo) = b{vo- y). 
s ince d= gcd(a,b), there exist relatively prime integers p.g such aro t 

Sinceand b = dg. Therefore we have p(z' - zo) = q(vo-) that a=dp and 

This 
fe shows that p | g{vo-V)with gcd(p, g) = 1 and therefore 

/).Therefore vo-y = pt for some integer t. Also we have 

This 
givesr= zo+ qt = 7o + 0-pt o- t. 

Note. In particular, if a and b are prime to each other then all integral 

-0= q. 

there are infnite number of solutions, one for each integral Thus there are 

vadue of t. 

solutions of the equation are given by 
z To+bt, y= o-at for all integral values of t. 

2.16. Integral solution of the equation az +by = c where a, b,c 

are positive integers and god(a, b) = 1. 

Since ged a, b) = 1, there exist integers u and v such that au+bv = 1. 

Therefore ar +by = c(au + bv) 

or, alz-cu) = -b(y - cv). 
Since a and b are prime to each other, z - cu is divisible by b and 

y-cu is divisible by a and therefore 

= =t, where t is an integer 
or, cu - bt 

V=Cv+at, where t = 0, tl, t2,. 

This is the general solution in integers. 

Note. For positive integral solution, we must have cu - bt> 0 and 

Cv+at >0 simultaneously. Hence t 

I=m+f where m is an integer and 0 < S1, then tSm. 

If=n+f' where n is an integer and 0<f<1, then t> n. 

The total number of solutions in positive integers is m -n. 

3.2.17. Integral solution of the equation az-by = c where a, b, c 

are positive integers and god(a,6) = 1. 

Since gcd(a, 6) = 1, there exist integers u andv such that au+bv = 1. 

Therefore ar - by = cau + bv) 

az-cu) =b{y + cu). 
CL-9 
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bie by b Since a and b are prime to esch other, z - cu ls divisible 
V+cu is divlsible bya and therefore 

= =t, where tls an integer 
Or, Cu+o 

V-cv+ at, where t =0,t1,+2, 
This is the general solution in integers. 

Note. For a positive integral solution, we must have cu +bt>a have cu + bt> ad -cu+at > 0 simultaneoualy. Hence t>and t> **° 

e solutic in 

the umb 

Let the integral part of max{ be m. Then the solutim. positive integers correpond to t =m+1,m+2,... Clearly, the 
of poaitive integral solutions is infinite. 

Worked Examples (continued). 

11. Find the general solution in integers of the equatioh 7z+1lu 
Since 7 and 11 are prime to each other, there exist integers u and. 6uch that 7u+11v= 1. Here u =8,v = -5. 
Then 7c 4+1ly = 7.8 - 11.5 
or, 7(-8) = -1l(y+ 5). 

Since 7 and 11 are prime to each other, z -8 is divisible by 11 aod v+5 is divisible by 7 and therefore 
= =t, wheret is an integer 

or, =8-11t 
-5+t, where t=0,t1, +2, 

This is the general solution in integers. 
Note. For a positive integral solution, we must have 8-11t> 0 and -5+7t> 0 simultaneously. Hence<t< No such integer t exists. Hence there is no solution of the equatio in positive integers. 

12. Find the general solution in integers of the equation 5z+12y=8 Examine if there is a solution in poeitive integers. 
Since 5 and 12 are prime to each other, there exist integers u a such that 5u+ 12v =1. Here u =5,0=-2. Then 57 + 12y = 80(5.5- 12.2) 
or, 5(-400)=-12{y+160). 
Since 5 and 12 are prime to each other, z - 400 is divisible y 12 

and y+160 is divisible by 5 and therefore 
= =t,where t is an integer -12 
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or, 400- 12t 

y 6t 160, wheret =0,t1,42,... 

This is the general olutlon in integers. 
Shra positive integral solutlon, we must heve 400 24> 0 and 

5 
- 160 0 simultaneously. Hence 32 <t< 9. 

The The only solution in positive integera corresponds to t = 33 and the 
solution is 7=4,y=5. 

Find the generel solution in positive integers of the equation 12z- 

7y-8. 

Since 12 and 7 are prime to each other, there exist intagers u and v 

quch that 12u +7v =1. Here 1u= 3,v = -5. 
Then 12z-7y = 8(12.3- 7.5) 

of, 12(-24) = 7(y- 40). 
Since 12 and 7 are prime to each other, z - 24 is divisible by 7 and 

y-40 is divisible by 12 and therefore 

= =t, where t is an integer 
or, 7t+24 

y 12t+ 40, where t =0,t1,+2,. 
This is the general solution in integers. 

For a solution in positive integers we must have 7t +24> 0 and 
12t+40 0. Hence t> and t > 

The least integral value of t is -3. Hence the general solution in 

positive integers is given by r = 7t+ 24 

v= 12t + 40, where t is an integer 2-3. 

Note. The solution corresponding to t=-3 is given by = 3,=4. 
The general solution in positive integers can be expressed as 

z= 7t+3 y=12+4, where t is an integer 2 0. 

Note. 

3.3. Prime numbers. 

An integer p>1 is aaid to be a prime number, or simply a prime, if 
its only positive divisors are 1 and p. 

An integer > 1 which is not a prime is sald to be a composile numbe. 
The integers 2,3,5, 7, 11,... are prime numbers, while the integers 

4,6,8,9,. are composite numbers. 
The integer 1 is regarded aa neither prime nor composite. 
2 is the only even prime number. All other prime umbers are 

necessarily odd. 
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Theorem 3.3.1. If p be a prime nuinber and 1 ac, <p then pis prn to a. 

Proof. Let d= gcd(a, p). Then d| a and d | p. 

Since p is a prime and d|p, either d= p or d= ], 
Dut since a <p and d | a, d cannot be p. Therefore d 

prine to a. O 

Theorem 3.3.2. If p be a prine number and a is an inter 

that p is not a divisor of a, then p is prime to a. 
ger > p sud 

Proof. Let d= gcd(4,p). Theu d | a and d lp. 
Since p is a prime and d |p, either d = p or d= 1. 

But d p since p is not a divisor of a. Therefore d = l and . nd p'u 
prime to t. O 

Theorem 3.3.3. If p be a prime number aud a is au integer > p 

that p is a divisor of a, then ged(u, p) =p. 

Proof. Sincep is a divisor of a, a = pk where k is an integer. 
Hence gad(a, p) = god(pk,p) =Pged(k, 1) =p. D 

Theorem 3.3.4. Ifp be a prime number andp| ub, then either ple 
or p|b. 
Pruf. If p la then the theore is done. 

If p is not a divisor of a then gci(a, p) = 1, since 1 and p ae tle 

ouly divisors of p. 

Siure grd(u, p) = 1, there exist integers u and v such that at+pr = 

Then ubu + pbr = b. 

Now p ab and p|pb pl («bju + (pb)u. siuce u and r ave ineges 
That is, p |6. 

This conmpletes the proof. 
Corollary. Ifp be a prime and p | ao2...Un, then p | u lor sour 
wluere 1 ku. 

let Prwof. Tf pl a we need not go fhurther. If p is not a divisor o 

by the theoren1, p| u203... 
IIp is not a divisor of uz then p | u3ag...a. Proceeding 

auilar 

maner, iN a fnite number of steps we arrive at the desirel resu 
l. 

Theorem 3.3.5. A couposite number has at least oue prue
liviso 

t basa 

Proof. Let n be a composite number. Since n is not a prine positive divisor öther than 1 and n. 
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Set of those positive divisors of n which are diferent 
d n. Then S is non-empty. By the well ordering property of 

the 
We 
se 

prove 
that d is a prime. if d be not a prime then d has a divisor 

Let 
S be the set of th 

roa 1. 

We d and 1; and 1 <d <d<n. But d' | d and d| n »d]n. otDe e S and this contradicts that d is the least element of S. 

the set N, S contains a least element, say d. Then 1 < d< n. 

other than 

Therefore dd 

Therefore d is a prime and the theorem is done. O 

Worked Examples. 

1. 
Prove that k o that for n> 3, the integers n, n+2, n+4 cannot be all primes. 
integern is one of the forms 3k, 3k + 1, 3k +2, where k is an 

integer. 

Ifn = 3k, then n is not a prime. 
Ifn= 3k+1, then n +2 = 3(k + 3) and it is not a prime. 

Ifn = 3k+2, then n +4 = 3{k +2) and it is not a prime. 

Thus in any case. the integers n, n +2, n+4 are not all primes. 

2.If p2925 and p,q are both primes, prove that 24 | p2- . 

Since p and q are primes > 3, p and q are of the form 3k +1 or 

Jk +2, where k is an integer. 
If both p and q are either of the forms 3k+1 or 3k+2, then 3|p-4. 
If one of p and q is of the form 3k + 1 and the other is of the form 

3k+2, them 3|p+q. 
Thus in any case, 3 | p-q". 

Since p and q are odd primes, p and q are of the form 4k + 1 or 

4k+3, where k is an integer. 

If both p and q are of the form 4k+ 1, then 2 |p+q and 4 |p- q.

T both p and q are of the form 4k +3. then 2|p+g and 4 |p-g. 

f one of p and q is of the form 4k+1 and the other is of the form 

4+3, then 4 |p+q and 2|p-q. 
Thus in any case, 8 | p -q 

Since 3 and 8 are prime to each other, 24 Ip- q. 

p and p?+8 are both prime numbers, prove that p =3. 

y nteger p is one of the forms 3k, 3k+1, 3k +2, where k is an 

integer. 
wP3k+1, then p2+8 3(32 +2k+3). Since p +8 is a priue, 

h +3 must be 1 for some integer k and in that case p +8 must 

be 3. 

P 
But for no integer k, 3k2+ 2k+3 can be 1 and for no integer k, 

+8 Can be 3. erefore p = 3k+1 is an impossibility. 
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Ifp = 3k+2. then p+8 3(3k +4k+4). Since p?4R: 

342+4k + 4 must be 1 for some integer k and in that case Din 

be 3. 

By similar argunients. p = 3k + 2 is an impossibilitv. 
Therefore p = 3k, where k is an integer. Since p is a prima 

be 1 and therefore p =3. 

4. If 2"1 be a prime. prove that n is a prime. 
Let n be composite. Then n = P.q where p and q are interon 

greater than 1. 

2-1 2-1 = (2P-1)(2P0-).+2P@-2) ++2P +1). 
Each factor on the right is evidently greater than 1 and therd 

elore 2-1 is composite. 
Contrapositively, 2" -l is a prime implies n is a prime. 

5. Prove that n' +4" is a composite number for all natural 

n>1. 

Case 1. Let n be even. 
Then n+4" is divisible by 4 and.so it is a composite number, 

Case 2. Let n be odd and n = 2k+1, where k is a natural number. 

Then n+4" = nd+4.42 = n+4a, where a = 2* 
= (n?+20)2-(2an)' = (n3+2an+2a )(n2-2an+2 

(+2an+2a) = (n+a)? +a and (n?-2an +2) = (n-alf+c 
Each is a positive integer greater than 1, since a is a positive intege 

>1. Consequently, n+4" is a composite number when n is od. 
Hence n+4" is a composite number for all n> 1. 

6. Let p be a prime and a be a positive integer. Prove that a' s 
divisible by p if and only if a is divisible by p. 

Let a be divisible by p. Then a = pk for some integer k. 
a" = p"k"= p(p"-'k") = pm, where m is an integer. 
This shows that a" is divisible by p... ...( 
Let a be not divisible by p. Since p is a prime, gcd(4,P) 

Therefore there exist integers u and v such that au +pu = . 
Then a"u" = (1- pu)" = 1-ps where s is an integer 
or, a"r+ps = 1 where r, s are integers. 

= 

risible bi 
This shows that ged(a".p) =1 and therefore a" is not div 

p. Hence a is not divisible by p a" is not divisible by P 
Contrapositively, p i a" *pla... (ü) 
From (i) and (i) the desired result is obtained. 



TNTEGERs 
127 

(Fundamental theorem of Arithmetic) Theorem 3.3.6. 

oitive integer is either 1, or a prime, or it can be expreesed Aay posi 

Any of primes, the representation being unique except for the as 8 product 

order of the prime factors. 

Let n be a positive integer. Either n=l or n> 1. Let P(n) be 
the statement 

Proement that n(> 1) 1s either a prime, or it can be expressed as a 
product of primes. 

P2) is true, since 2 is a prime. 
Let us &SSune that P(n) is true for all n, where n is a positive integer 
Let us 8ssume that 

such thet 2<ngk. 

&+1 be itself a prime then P{+1) is true and by the second 

aciple of induction, P(n) is true for all positive integers n > 1. 
Tk+1 be not a prime then it is a composite aumber. Let k+1= rs 

where r,s are integers with 2 Sr<k+1,2Ss<k+1. 

By induction hypothesis, P{r) and P(a) are both true. Then 

r PP pi where pPl P2 Pi are primes, i2 1; 

= 19.9; Where 91,92,.9; are primes, j 21. 
Thus &+ 1 is expréssed as the product of primes and P(k + 1) is 

proved to be true. By the second principle of induction p(n) is true for 

all positive íntegers n >1. 
Hence the first part of the theorem is established. 

In order to prove uniqueness of the representation, let us assume 

that n= piP2.Pk= q192Gm, where pi and gi are all primes.
Since pa n, it follows that pi | q1g2..gm 

Since p is a prime, pil g for some r where 1gr<m. But since 

Pand g, are both prinmes, P1 = g 

We obtain PaPsP = 129-19+1 gm 
We repeat the argument with p2 and obtain p2=q for some s where 

ISsm,s#r. Thena 
P3P4P= g12...gr-1gr+1...ga-19a+1.. gm 

m, thben after k steps the left hand side reduces to l and the 

ght hand side becomes the product of m - g's, each of which is a 

priume. This cannot happen. Therefore 
m, then after m steps the right hand side reduces to 1 and 

A side becomes the product of k- m p's, each of which is 

prime. This cannot happen. Therefore k S m. 

ence k=m and the products piPa...Pm912... ve the same

presentation except for the order of the factors. 
e hus n(> 1) is expressed as the product of a number of primes, the 

representation being unique except for the order of the factors. D 
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e integer. 3.3.9. The number of positlve divisors of a positive inta. 

Let n be a positive integer greater than 1. Then n can be ev. 

asn p'ph°...p*, where the primes pi are distinct wi 
a p and the expouents aj are all positive. 

Ifm be a positive divisor ofn then m is of the form p"pa 
where 0 u S a,0 S up a7,0 Su S d 

Thus the positive divisors of n are in one-to-one correspondence 
the totality of r-tuples (u1 t2 ), where 0 S a,0 

prese distinct with pi< 

The mumber of such r-tuples is ( + 1)(a2 +1). *- (a, + 1). 
Hence the total number of positive divisors of n is (a + 1lMo. . 

1-(a,+1). 
If n = 1, then there is only one positive divisor. 

Note. The total number of positive divisors (a +1)(02+1)...(a,+1 include both the divisors 1 and n. 

Definition. The number of positive divisors of a positive integer n 
denoted by r{n). (tau n) 

If the canonical form of a positive integer n(> 1) be 

n=p1P2...p,, 
then T(n) = (a + 1)(*2+1)- (a, + 1); and 7(1) =1. 

For example, 7(48) = T{2 3) = (4 +1)(1+1) = 10. 

Theorem 3.3.10. 1he total number of positive divisors of a pasitive 
integer n is odd if and only if n is a perfect square. 
Proof. Let n(> 1) be a perfect square and let the canonical forn1 oí n 
be n= P1p°...p,a, where pi < Pa <p, and n, are a 
positive. 

Then each of a1,a2,... ,Q, is an even integer and 7(7) = ( * 

12+1). (a, +1) is odd. 
If however, n =1, a perfect square, then r(n) = 1 and it is oda. 

Conversely, let (a + 1)(a2 + 1)... (a, +1) be odd. Then each or 
factors a +1,0a +1,..,,+1 must be odd. Consequenty, e ench c 

a1,a2 a, must be even and n is therefore a perfect square 

This completes the proof. 
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he sum of all positive dlvisorn of a positive integer. S.S.11. 

1An be & poaitive integer reater than 1. Then n can be expreseed 
Let n be a positive 

P and aj>0. 

Evey positive dlvisor of n is a term in the product 

1+2 +++Pi)(1+Pat+Pi)(1+p +...+pf*) 
conversely, each term in the product is a divisor of n. 

n= Pp. o3...p, where the primes p are distinct with pi< 

Bnd 
Hence the sum of all positive divisors of n 

= (1+p:tpit+*(1+Pat++)..(14po-tP?t.£*) 
.. . PrI 

Ifn=1, the sum =1. 

Definition. The sum of all positive divisors of a positive integer n is 

deaoted by a(n). (sigma n). 
If the canonical form of a positive integer n{> 1) be 

n=P09...p,, 

bes on)- and o(l)=1 Pa-1 

Definition. A function whose domain is the set of all posltive integers is 
said to be a number-theoretic function (or an arithmetic function). The 
range of a number-theoretic function need not be the set of all positive 
integers We shall encounter some simple number-theoretic functions 
which assume positive integral values. 

The functions T and o are examples of number-theoretic functions. 

A Dumber-theoretic function f is said to be multiplicative if f(mn) = 
m)n) for all integers m,n such that m, n are prime to each other. 

Deorem 3.3.12. The functions and a are both multiplicative func 
tions. 
roof. Let m, n be relatively prime integers. nn)r(m)r(n) holds trivially if either m or n is . 

MGume m>land n>1. 
where pil are primes and aj21,8;2 1. 

Let m p Paand n= = q"gh...q, 

m,n are relativey prime, each pi is diferent from esch 45. 
Since m 
Therefore the prime factorisation of mn is 

nPp...prqugaa...9. 
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r(mn)-(a +1)(a+1)...+1064 +1)1a +1)..ta 
= r(m}r{n). 

+1)..( +1 

amn) PI-1 

o(m)a(n). 

Hence r and a aro multlpllcatlve functions. 

Defnitlon. Perfect number. A positive integer n is said 

perfect number If o(n) = 2n, i.e., if n be the sum of all ite 
divisors excluding ltsell. 

For example, 6 is a perfect number. 28 is another. 

Worked Examples. 
1. Find 7(360) and o(360). 

360 2.3.5. Therefore r(360) = (1 +3).(1+2).(1+1) = 24. 

o( 360)= H=5.13.6 = 1170. 

2. Find the number of odd positive divisors of 2700. 

2700 22.3.5. Every positive divisor of 2700 is of the form 

201 3 .5, where 0 a 2,0S a 3,0 as 2. 
Therefore each term in the product (1+2+2)(1+3+3 +3 |1+ 

5+5) is a positive divisor of 2700 and conversely. 
The odd positive divisors of 2700 are given by the terms of tbe 

product 1.(1+3+33 +3")(1+5+5). 
The mumber of odd poeitive divisors are (3 + 1)(2+1), ie,12 

3. Find the sum of all even positive divisors of 2700. 

From the previous example it follows that the even positive divisos 
of 2700 are given by the different terms of the product 

(2+22)(1+3+32+3*)(1+5+5). 
The sum of the even positive divisors 

= (2+2 (1+3+33+3X1+5+5)= 6.40.31 = 7440 
4. Let k1and 2-1 is a prime. If n = 2t-1(2*-1) then show thai 
n is aperfect number. 

2-1 is an odd prime, say p. 
on) so(*p) = o{2*-l}o(p), since 2*-l and p are prime to e 

other. 

o(2-1)=1+2+22 ++2-1 = 2- 1 and o(p) = 1+p 
Therefore a(n) = (2* -1)(1+p)= (2 - 1)2* = 2n. 
Thls proves that n ls a perfect number. 
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aumber. 
2(2- 1) is a perfect number. 
This 

example shows that if 2 1 (n> 1) is a prime, then the 

The 
rimality of M, requires n must be a prime. 

case 

If 
&perfect 

number 2(2"-1) is obtained. 

135 

Note. Th 

hers of the form M, = 2-1 (n> 1) are called Mersenne 
numbers, 

ateur of mathematics 

The A prime then M is called a Mersenne prime and in that 

The numbera. 

De pamed afver Mersenpe (1588-1648 ), a French monk and an 

f M be a prime the 

d be the list of all positive divisors of a positive integer 
. Jfd,das.,de be 

prove that t+ oo2. 
pOsitive divisor is also a positive divisor. As d runs 

4 is & pösitive div 

b the set of all positive divisors ofn, j also does so. 
throug 

Therefore +t+ di +dat+ +d=o(n) 


