3. INTEGERS

—
o1, /Natural numbers.

Theset N consiting of numbers 1,2,3,. . . is called the set of all natural
qumbers. The well ordering property of the set N states that

xevery non-empty subset of N contains a least element.

This means that if S be a non-empty subset of N there is some
natural number @ in § such that a <z for all z in S.

szkl. Principle of induction.
Let S be a subset of N with the properties -

(i) 1 belongsto S, and
(i) whenever a natural number k belongs to S, then k + 1 belongs

to S.
Then §=N.

Proof. Let T be the set of all those natural numbers which are not in
S. The theorem will be proved if we can prove that T is an empty set.
Let us assume that T is a non-emptuy set. Then by the well ordering
property T' possesses & least element, say m. Since 1 € S,m > 1 and
Som -1 is a natural number. Again since m is the least element in
I'm-1isnot in T and som — 1 is in S.
_ Simem-1isin §, by (ii) (m-1)+1isin S, i.e., m is in § which
5 a contradiction.

~ Therefore our assumption is wrong and T' is empty and the theorem
18 proved. O

‘Jn’“l';ol‘em 3.1.2. Let E, be a statement involving a natural number

\

(i) E, is true, and
be(u) Ey 4, is true whenever Ey is true, where k is a natural number,

then E,, is true for all natural numbers.

Prooy, Let S be the set of those natural numbers n for which the
Hatement E, is true.

Then § hag the properties -

th.a
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) 1ed,and
83} k +1 € § whenever k€S

Then by the principle of induction S = N.

Thus E, is true foraln€N. O

te. To establish a theorem (or 8 proposition) involyip
?u:n:ers by the principle of induction, both the conditions (3 :ndmf’
must be established. o | 1]

The condition (i) is called the basts of_zy;{uﬁggon and the —
made in the condition (ii) is called the induction hypothesis, iy

Wofked Examples.

\)/ Use the principle of induction to prove that

/ 1+2+...+.n-_-1‘£‘7ﬂl, for 2ll natural numbers n.

Step 1. Forn=1the statement is true because 1 = L1 l;lz'

Step 2. Let us assume that the statement is true for some natup
k(k+1)

number k. Then 1424+ +k==7
Therefore 1 + 24+ +k+(k+ 1)= ﬂ%ﬂl +(k+1)= ("sz(kﬂl'
This shows that the statement is true for the natural number k +1

if it is true for k.

By the principle of induction, the statement is true for all natursl
numbers n.
2. Prove that 32" — 8n — 1 is divisible by 64.

We use the principle of induction to prove the statement. Let f(n)=

3" —8n- 1.

Step 1. f(1) =9-8—1=0.f(1) is divisible by 64. Therefore the

statement is true for n = 1.

Step 2. f(k+1)— f(k) = [3%+2 — 8(k +1) — 1] - [3% -8k~ 1
=8(3% -1)=8(9* - 1)
=8.8(9% 1 +952+...+1)
= 64p where p is an integer.

Therefore f(k + 1) is divisible by 64 if f(k) is so.
This proves that the statement is true for k + 1 if it is

By the principle of induction, the statement is true for all nat¥”
numbers n.

grue for &

3. Use the prin’ﬁiple of induction to prove that for all natural “'”":::
n,(a1a@z...a:)™ < ﬁl-t'.z%'&n' where g, ’s are positive T
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y 4f
1,200
it statement is true for n = 1, since (ayaz) < afe ... (j)
weus assume that the statement is true for n = k, where k is a
numl)er. ver
. ) € S
wb' = Agh 44 for 1 = 1.2....,2*.

Then (biba .- bat) ¥ € P =g, say.

Sow (@102 a20) ¥ (bib b2 ¥} = (po)?

| sit by (i)
or, (amz...o,u.);ﬁ'f < ("+°"""‘+°L"2{t('b'+b"""'+hb)
i.e, (0103...02“1)5‘%" < (°'+n’;-';:’°al+l).

This shows that the statement is true for n = k + 1, i it be true for

n=k
By the principle of induction, the statement is true for all natural

pumbers 7.

There is & variation of the principle of induction.

Let S be a non-empty subset of N such that

(i) ng €S, and

(i) ifk(>ng)€Sthenk+1€ S.

Then S = {n € N:n 2> ng}.

We can utilise this principle to prove that if P(n) be a statemerit
involving a natural number n satisfying the following conditions-

(i) P(ng) is true (ng being the least possible natural number),
and (ii) for k > ng, P(k + 1) is true whenever P(k) is true.

Then P(n) is true for all n 2 no.

Worked Example (continued).
A Prove that n! > 2" for all natural numbers n 2 4.

Let P(n) be the statement n! > 2".
The statements P(1), P(2) and P(3) are not true.
The statement P(4) is true, since 4! > 2*.

Let us assume that P(k) is true where k is a natural number > 4.

Then kI > 2%,

~ Multiplying both sides by k+1, we have (k+1)! > 2% (k+1) > 25*1,
Since k+1 > 2,
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This shows that P(k + 1) is true whenever P(k) is true,

tatement P(n) is true for n = 4 (the least possible
Since the sta inciple of induction the statement P(n) jg t’::i“;tl
or

number), by the pr
all natural pumbers n 2 4.

3.1.3. Second principle of induction.

Let S be a subset of N such that

(i) 1€ S, and

Gi) if {1,250

Then S =N.
Proof. Let T =N-— S. We prove that T' = ¢. If not, T" being a nop.
empty subset of N must have a least element, say m, by the well ordering

property of N.
Since 1 € S,m #1. Therefore m > 1.

By the choice of m, all natural numbers less than m belongs to §.

k}C S, thenk+1€S.

Hence 1,2,...,m—1€S.
By (ii) m € S, a contradiction.

This proves T' = ¢ and therefore S = N. O

Worked Example (continued). |
5. Provethatforallne N, (2+v3)"+(2—V3)" is an even integer.

Let P(n) be the statement  (24+/3)"+(2—+/3)" is an even integer-
~ The statement P(1) is true, since (2 + v/3)' + (2 - V3)! =4 andit
is an even integer.

Let assume that P(n) is true for n = 1,2,...,k.

(2+ V3)k+1 4 (2 — (/3)k+1 '

=a**1+ 0+, wherea =2+ v3,b=2- V3

= (ak + b")(a + b) — (a"‘l + bk-l)ab

= 4{a* +¥) — (a1 4 p-),
~ This is an even i :
integers, by mumpti::% er, since a* + b* and at~! 4 b*~! are &€

This sh :

. w8 that P(k + 1) is true whenever P(1),P(2),-- P(k) 8%
By the second pri :

all natural numbe,gr ’:Ciple of indyction, the statement P(n) is tU° for
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3.2, lntegers'
The set of all integers, denoted by Z consists of whole numbers
SLE288 The set of all positive integers (a proper subset of

i) is identified with the set N. We shall use the properties

. and principles
SN connection with the proof of any theorem about p.

ositive integers.
Theorem 3.2.1. Division algorithm,

v Given integers a and b with b > 0, there exist un;

que integers ¢ and
rsuch that @ =0bg+7, where 0 < r < b,

Proof. Let us consider the subset of integers
s={a-b¢:z€Z.a—szO}.
First we show that S is non-empty.
Since b> 1,| a | b >| a |. Therefore a-+ lalb>a+|al>0.
This shows that @ — b(~|a|) € S and therefore § is non-empty.

Since S is a non-empty set of non-negative integers, either
(i) S contains 0 as its least element, or

(i) S contains a smallest positive inetger as its least element by the
well ordering property of the set N.

In either case, we call it r. Therefore there exists an integer q such
thata—bg=r,r>0.
We assert that r < b. Because if r > b, then
a-(g+1)b=(a—gb)-b=r->b>0.
Thisshows that @ — (¢ + 1)b belongs to S and also a — (g+1)b=

r~b < r. This leads to a contradiction to the fact that r is the least
element in S.

Hence r < b and consequently, a = bg + r where 0 < r < b.

In order to establish uniqueness of ¢ and 7, let us suppose that a
has two representations: a =bg+r,a = bg +r; where 0 < r < |,
0<r <b.

Thenbg—q) =ry—r or,blg-ai|=/r—r|.

B“toSrl <band -b < —r<Oyield -b<r—r<bie,
Iri—r |< b, Consequently, lg—q |< 1.

Since g and q) are integers, the only possibility is ¢ = q; and therefore
= n.nQ

¢Deﬁnition. q is called the quotient and r is called the remainder in
the division of a by b.
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A more general version of the Division algorithm is obtaine
by

taking b a non-zero integer.

3.2.2. Given integers @ and b, with b # 0, there exje ..
Theorem by +7,0< 7 <15 ist Unigy,

tegers g and 7 such that ¢ =
Proof. With the previous theorem already established, it is enough
consider the case in which b is negative. Then | b|> 0. By the Pl'CVin.,
theorem, there exist unique integers ¢1 and r such that Iy
a = |b|q,+r,0$.r<|b}
1 ‘bQI + .
Therefore a = bg + r where ¢ = —q1. a

To illustrate the division algorithm, let us take b = 3,a = -20.2,
90 = 3.—-T+1lgives ¢g=-7.r=1

2 = 3.0+ 2 gives g=0,r=2
3.3+ 1 gives g=3,r=1

10 =
Let us take b = —3,a = —20, 2, 10.
-20 = —-3.7+1 gives g=T7r=1
2 = -3.0+2gives qg=0,r=2
10 = —-3.—3+1gives ¢g=-3.r=1

When the remainder in the division algorithm turns out to be 0, the
case is of special interest to us.

_ Definition. An integer a is said to be divisible by an integer b#0il
there exists some integer ¢ such that a = bc. '

We express this in symbol b | a and read “b divides @ We i.'lm
express this by the statements  “b is a divisor of a”, "a is & nultiple
of b7

If b is a divisor of a, then —b is also a divisor of a, becaus¢

a = bc = a = (—b)(—c). Thus divisors of an integer occur e

The following properties are immediate (assuming that 2 divisor®
always a non-zero integer).

(i) albandb|c=a]|c,

(ii) a|bandb|aifand only if a = +b.

~~Theorem 3.2.3. Ifa . arbit
integers r and y. | band a|cthena | (bz+ cy) for

rary

Proof. Si
/ :.mce a|b, b= ad for some integer d.
2
Ince a | e, ¢ = ae for some integer €.
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'i“his shows that @ | bx + cy whatever integers z,y may be. O

Worlwd Examples-

rove that the product of any m consecutive integers is divisible by

A1

m. : the consecutive integers be ¢,c+ 1,c¢+2,...,c+ (m - 1).
Let q be the quotient and 7 be the remainder when c is divided by

m Thenc=mq+7, 0<r<m.

When r =0, ¢ =mq and therefore m | ¢;

whenr=1c¢+ (m —1) =m(g+1) and therefore m | ¢+ (m - 1):

whenr=2,c+tm—2= m{q + 1) and therefore m |c+ (m —2):

when r =m — 1, c+1=m(g+1) and therefore m|c+1.
Therefore whatever integer 7 may be, m divides one of the integers

cetl.,c+(m- 1) and it follows that the product c(c + 1)(c +

9)...(c+m —1) is always divisible by m.

/1 Use division algorithm to prove that the square of an odd integer is
of the form 8k + 1, where & is an integer.

By division algorithm every integer, upon division by 4, leaves one
of the remainders 0, 1,2, 3. Therefore any integer is one of the forms
dg,4g + 1,4q + 2,4q + 3, where g is an integer.

0dd integers are of the forms 4q + 1,4¢ + 3.

Now (4q + 1)* 8(2¢% + q) + 1 is of the form 8k + 1,
(dg+3)2 = 8(2¢% +3q+1)+1is of the form 8k + 1.
Hence the square of an odd integer is of the form 8k + 1.

Aefinition. If ¢ and b are integers then an integer d is said to be a
common divisor of @ and b if d | @ as well as d | b.
Since 1 is a divisor of every integer, 1 is a common divisor of a and

Therefore, for an arbitrary ]Sair of integers a, b there exists always a

Common divisor.

If both of @ and b be 0 then each integer is a common divisor of ¢ and
- But if at least one of a and b is non-zero there is only a finite number
of positive common divisors. OF these positive common divisors, there

l;cz(gmatest one, called the greatest common divisor and is denoted by
a,b).
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d b are integers, not both zero, the greatest o5

__Definition. 1fa an b) is the positive integer d sa,tigfvi:"
R

divisor of a and b, denoted by ged(a,

(i) d|aandd]|b;

(ii) ifc|aandc|btheuc|d. o

For example, let ¢ = 12,0 = —18. Then the positive divisor of 1
are 1.2.3.4. 6,12 and those of —18 are 1. 2,.3:6, 9.. 18.

Thercfore the positive common divisors are 1,236 N
qcd(12.—18) = 6. )

Similarly ged(15,8) =1, ged(20. -50) = 10, ged(0,5) = 5.

Note. It follows from the definition that ged(a, —b) = ged(-aq, b <

ged(—a, —b) = ged(a, b). where a, b are integers, not both zero.

asTheorem 3.2.4. If a and b are integers. not hoth zero. then there exiy
integers u and v such that ged(a.b) = au + bv.

Proof. Let § = {aw+by : .y € Z and wr+ by > 0}, First we show il
S is a non-empty set.
Since at least one of a.b is non-zero. let a # 0. Then | a > 0.
Therefore | @ |= a.x + b.0 is an element of S, where we choose z = |
fa>0and x=-1ifa <.

Since § is a uon-empty set of positive integers, by the well ordering
property of the set N, S contains a least element, say d.
Then d = au + be for some integers u, v.
By division algorithm, a = dq + r where ¢ and » are integers with
0<r<d, .
Therefore r =  — dy
= a—(au+bv)q
= all = uq) + b(-vq).
This represcntation shows that if r > 0 then r € §.

But d is the Joast clement j
v : 1ent in S and sj i
Consequently, » — . Slacer < d, r € S.

This proves that q — dq, ie., dis a divisor of q

By similar aye S
T]m d lub;,uments. We can prove that d is a divisor of b.
clore d becomes a commen divisor of @ and b

14 tl ‘c i "

Then ¢ | ¢ and ¢ | b and
. : therefore . au 3.2.3
Le., ¢! d and this Proves that d ig the glreat;:n ::;,:I:l};nix}:e((l)ir:;;’r .
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(-4 20) =4 and 4 = -4.(~1) + 20,0

90d(65,36) =5 and 5 =552+ 35.(-3)
gcd(o'g) =9 and 9=00+9.1
(-9,13)=1 and 1=-9(-3)+13 -2,

Note 1. The ged(a, b) is the least positive value of az + by where z,y
are intei‘e”' . .

But £ and y are not gxflquely determined integers for which the
teger 07 + by is least positive. Because if d = au + by, where u and v
are integers then d can also be expressed as d = a(u + kb) + b(v - ka)
where K is 80 integer.

For example, let @ = 15,b = 24. Then d = 3. d can be expressed as
4= 15(~3)+24.2, or 88 d = 15.(~3+24k) +24(2 - 15k) for any integer

k.

Note 2. Guaranteed by the theorem it is always possible to express
ged(a, b) as a linear combination of a and b. But the theorem gives no
clue how to express gcd(a, b) in the desired form au + bv, i.e., how to
determine u and v. This will be discussed in a subsequent article.

Worked Example (continued.)

_3. Show that ged(a,a +2) =1 or 2 for every integer a.
Let d = ged(a,a+2). Thend |a and d | a + 2.
Therefore d | az + (a + 2)y for all integers z,y.
Teking z = —1 and y = 1, it follows that d | 2. i.e., d is either 1 or
2.

Pheorem 3.2.5. If k be a positive integer, gcd(ka, kb) = k.gcd(a, b).

Proof. Let d = gcd(a, b). Then there exist integers u and v such that
d=au+t+bv.

Since d = ged(a,b), d|aandd|b.

d|a=>kd|ka,d| b= kd | kb.

Therefore kd is a common divisor of ka and kb.

Let ¢ be a common divisor of ka and kb.
_ ¢| ka = ka = pe for some integer p and c | kb = kb = gc for some
integer g, .

Now kd = k(au + bv) = peu + gcv = (pu + qu)e.

As pu + qu is an integer, it follows that c| kd.

vently, kd = ged(ka, kb), i.e., ged(ka, kb) = k.ged(a,b)- O

wefinition, Two integers a and b, not both zero, are said to be prime
“ach other (or relatively prime) if ged(a,b) =1
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integers, not both zerq

rem 3.2.6. Let a and b be _ . They
:‘:x:o prime to each other If and only if there exist integers ,, and vu;n q
that 1 = au + bv. ugh

Proof. . Then ged(a, b) —
" Let a and b be prime to each other g by =1
fore {here exist integers u and v such that 1 = au + by, They,

Conversely, let us suppose that there are integers u apg
1 = au + bv and let d = gcd(a, b). .
Since d | a and d | b then d | az + by for all integers z apg y.

Hence d | 1 and this implies d = 1, since d is a positjve integer.

¥ 8uch '-hu

~ Theorem 8.2.7. If d = gcd(a,b), then & and 2 are integers Prime (;
each other.
Proof. Since d | a, there exists an integer m such that md = 4
Since d | b, there exists an integer n such that nd = p,
As § =m and 7: =n, § and % are integers.

Since d = gcd(a, b), it is possible to find integers u and v such that
d = au + bv.

Therefore 1 =()u+(2)v.
This form of representation shows that ﬁ and 7: are integers prime
to each other. O

Theorem 3.2.8. Ifqa | bc and ged(a,b) = 1,
Proof. Since ged(a, b) = 1, there exist integers « and v such that 1=
au+bv. Therefore ¢ = acu -+ bev.

Since a | ac and ¢
means e | ¢. O

then a | c.

| be, it follows that q | {(ac)u + (bc)v} which

Corollary. If ap = bg and ¢ is prime to b then a | gand b | p.

Theorem 3.2.9. Ifa|cand b | ¢ with ged(a,b) =1, thenab|c

Proof. Since a | ¢ and b | ¢, there exist integers m and n such that
c=am = bn,

Since ged(a, b) = 1, there exist integers u, v such that 1 = au + v
Therefore ¢ = (au)c + (bv)e
=ab(un +vm) = b | ¢. o

Note. Without the condition ged(q,p) — ; | c and b | c togeth®
may not imply ab | ¢, '

For example, 4 | 12 and 6 | 12 do not imply 4.6 | 12.
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- 3.2.10. If a is prime to b and a is prime to ¢ then a is prime
Theor
be-
" Since a is prime to b, au+bv =1 for some integers u, v ... (i)
Pm;{;;ce a is prime to ¢, am + cn = 1 for some integers m,n .., (ii

From (i) acun+bevn=cn=1-am by (ii).

or, a(m + cun) + be(vn) = L.

.Si;ice m + cun and vn are integers, it follows that a is prime to be.
4 '

\’No ‘ked Examples (continued).
4 Ifais prime to b, prpve that a + b is to prime to ab.

Since @ is prime to b, there exist integers u and v such that au+bv =
1. This can be expressed asa(u-v)+(a+bv=1.
: Since u — v.and v are integers, it follows that a is prime to a + b.

- Again, au + bv = 1 can be expressed as (a + b)u + b(v — u) = 1.
Since v — u and u are integers, it follows that a + b is prime to b.
By Theorem 3.2.10, a + b is prime to ab.

5 Ifais prime to b.prové that
(i) a?is prime to b,
(ii) . a? is prime to b?.
(i) Sinte a is prime to b, there exist integers u and v such that
at+bv = 1. Then au = 1 —bv
of, a*u?=1-2b ¥ b*?
or, a?u?+b(2v - bv?) = 1.
Since u? and 2v — bu? are integers, it follows that a? is prime to b.
(i) Since a? is prime to b, there exist integers m and n such that
a'm+bn = 1. Then bn = 1 — a’m
or, b*n? =1~ 2a%m + a®m?
o, a*(2m - a’m?) + b?n? = 1.
@ Since n? and 2m — a?m? are integers, it follows that a? is prime to

8. Ifg= gcd(a, b), show that ged(a?,b?) = d2.
Since d =
‘0 each other.
di?hmfom“2=d2P2.bz=th2 and this shows that d? is & common
v|80r of a! &lld bz.
Mdlz 9“(22"”) = d%u, where u is a positive integer. Then d®u|d’p’
g Uld?q? and therefore u|p? and ulg?.
" 904(p,q) = 1 = god(p?,¢?) = 1.

gcd(a, b), a = dp and b = dg, where p, g are integers prime
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2
Since u is 8 common divisoxz' o:'ﬂ2 }nd ¢* and ged(p 'q?) = 1
follows that u = 1. Hence ged(a?,b?) = d”.

2y
7. 1If ged(a, b) = 1, show that ged(a +b,0% —ab+b?) =1or g

Let d = ged(a+b, a? — ab+b?). Then d | a+2b ax.xd d | (a? ‘ab-H,z).
This implies d | (a + b)(a + b) — (a* —ab+b°), i.e., d | 3ab,

Therefore d | a + b and d | 3ab. Since ged(a,b) = 1, it follows thay
ged(a + b,ab) = 1. Since d | a + b and ged(a + b,ab) = 1, we proye thay
ged(d, ab) = 1. )

There exist integers u and v such that u(a + b) + v(ab) = 1. Singe
d|a+b, a+b= dp for some integer p. Therefore (up)d + v(ab) < |
and this shows that d is prime to ab.

d | 3ab and d is prime to ab implies | 3. Therefore d = 1 or 4= 3

8. Prove that the product of any three consecutive integers is divisible
by 6.

By division algorithm, any integer, upon division by 3, leaves ope
of the remainders 0, 1, 2. Therefore any integer n is one of the forms
3k, 3k +1,3k + 2.

When n = 3k, n is divisible by 3.
When n =3k + 1, n + 2 is divisible by 3.
Whenn=3k+2 n+1 is divisible by 3.

It follows that for any integer n,n(n +1)(n + 2) is divisible by 3.
Again, the product of two consecuti
Therefore 2 | n(n + )(n+2
Since ged(2, 3)
n(n+1)(n+2).

|lt

ve integers is divisible by 2.
) )and3|n(n+l)(n+2).
=1, it follows that 2.3 | n(n + 1)(n +2), ie, 6|

3.2.11. Euclidean algorithm,

Euclidean algorithm is ap efficient method of finding the greatest

common divisor of two given ip ers. T : eated
application of the divigics &lgorit:hfn | . he method involves rep

Since ged(a, b) =ged(|al|b[) i db
are positive integers, Witho'.l 1), it is enough to assume that a an

ut loss of generalit we assume a > b > 0
By division algorithm, ¢ — %

o+
Ifithappensthatn:O,t::l . Whereosrl Sty

nb|a and ged(a, b) = b.
Ifry #0, then by division algorithm p = T1g2+1, where 0 < 1 <1
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If vz = 0, the process stops.If r3 3 0, by division algorithm
r=raqs + 13 Where 0 <r3 < ry,

The process continues until some zero remainder appears. This must
happen because the remainders ry,rg,ry, ... form a decreasing sequence
of integers and since 11 < b, the sequence contains at most b non-
pegative integers.

Let us assume that rnyy = 0 and r,, is the last non-zero remainder.

We have the following relations

a = bg+n 0<r<b
b = rg@g+nr 0<1’2<r|
rn = T@+r3 O0<r3<m
fai2 = Tn-1@n+7h 0<r,<r,_,
fa-1 = Tngn+1 +0.

We assert that r, is the gcd(a,b). First of all we prove the
lemma- If a = bq + r, then gcd(a., b) = QCd(bv 7‘).
Proof. Let d = ged(a,b). Then d | a and d | b.

‘This implies d | @ — bg, i.e., d | r. This shows that d is a common
divisor of b and r.

Let ¢ be a common divisor of b and r. Then c | bg + 1, i.e., c| a.
~ This shows that ¢ is a common divisor of a and b.
Since d = ged(a, b), it follows from the property of the g.c.d. that
¢ |d and this gives d = ged(b, r).
We utilise the lemma to show that r, = gcd(a, b).
T = gal(oarn) = ged(rn-1,mn) = QCd(fn—z,Tn—l) = e e =
ged(b, r1) = ged(a, b).
Also we have r, =Th_3 — Tn_1Gn
=rn-2 = (Tn=3 — Tn—2qn-1)qn
=(1+ Gn-1Gn)Tn-2 + (_Qn)rn-a-
Tn i8 expressed as a linear combination of r,_3 and 7, _3. Proceeding
ards we can express T, as a linear combination of a and b.

Worked Examples (continued).

9. Calculate ged(567,315) and express ged(567,315) as 567u + 315v,
v 4, v are integers.

By division algorithm,

567 _ ,.25 315 63 282 _
=145, =l o =4
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Then 567 = 315.1 + 252, 315=252.1+63, 252-¢;, »
The last non-zero remainder is 63. Therefore ged(567, 3 15)

We have 63 315 - 262.1

315 — (567 — 315)

567.(-1) +315.2

567u + 315v, whereu = -1, v =2,

).
=6,

10. Find two integers u and v satisfying  63u + 550 = |

63 and 55 are integers prime to each other and therefore ther, iy
integers u, v such that 63u + 55v = 1.
" By division algorithm,

63=551+8, 55=86+7, 8=T71+1

Wehave 1 =8-7=8—(55—8.6) =8.7— 55

= (63 — 55).7 — 55 = 63.7 + 55.(—8).

Therefore u = 7,v = -8.

11. Find two integers u and v satisfying  54u + 24v = 30.
Let us find the ged(54, 24).
By division algorithm, 54 =24.2+46, 24 =6.4+0.
Therefore gcd(54,24) = 6.
Now 6 = 54 — 24.2 = 54.1 + 24.(~2).
Consequently, 30 = 54.5 + 24.(—10). Therefore u = 5,v = 10.



The Diophantine equation.
An equation in one or more unknowns which is to be sojye din
is sald to be 8 Diophantine equation, named after the ¢ in.

mathematician Diophantus, who initiated the study of such probk::?

A given linear Diophantine equation of the form az + by = ,
have many solutions in {ntegers or may not have even a single 8olutigy

For example, the equation 2z+4y = 6 has many solutions in inbegery
since 2.1 + 4.1 =6, 26 +4.(-1) =6, 2.9 + 4.(-3) =86,... '

Whereas, the equation 2z+4y = 3 cannot have a solution in integer,
since the left hand side is always an even integer for every pair of integer
z,y, while the right hand side is odd.

First of all, we discuss the condition for solvability of the lines
equation az + by = c in integers, where a, b, ¢ are integers and a,b are
not both zero.

Theorem 3.2.15. If ¢, b, c are integers and a, b are not both zero, the
equation az+by =c has an integral solution if and only if d is s
divisor of ¢, where d = gcd(a, b). If (zo, yo) be any particular solution of
the equation, then all integral solutions are given by (zo + 5,30 - §1)
for different integers t.

Proof. Let (z;,31) be an integral solution of the équation az + by=c.
Then az; + by = ¢, where z,,y; are integers.
Let gcd(a,b) =d. Then d | a and d | b.
This implies d | azy + by, i.e., d | c.
Conversely, let gcd(a, b) be a divisor of c.
Let gcd(a, b) = d. Then d = au + bv for some integers u, v.
Let ¢ = dp where p is an integer.
Then ¢ = (au + bv)p = a(up) + b(vp).

This shows that (up,vp) is a solution of the equation az + & =€
Clearly, up and vp are integers, So the equation az + by = ¢ bas &
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al solution-
in
rove the second part. let (z'.y) be any other soluti
T p —c= ﬂI’ -}!-’)by .hWhICh m G(I' -_— Io) = b?yoso_l:;')on Then
e d = gcd(a,b), there exist relatively prime inte -
hafl:"‘ and b = dg. Therefore we have p(z’ - z;) = qg{ﬁ f ':v)?m"h
thet " ghows that P | a(yo — 3’) with ged(p,g) = 1 and therefore

This
10 /). Therefore yo — 3’ = pt for some integer t. Also we have

1-20= 9"
z Thissim”’==°+q"=z°+5t'y’=y°‘l"=yo—§t-

Thus there are infinite number of solutions, one for each integral

“]ue of t.
Note. In particular, if a and b are prime to each other then all integral

solutions of the equation are given by
1 = g + b,y = yo — at for all integral values of t.

2.16. Integral solution of the equation az +by =c where a, b, c

3.2.
are positive integers and gcd(a,b) = 1.

Since ged(a, b) = 1, there exist integers u and v such that au+bv = 1.

Therefore az + by = c(au + bv)

or, a(z —cu)=—bly - cv).

Since a and b are prime to each other, z — cu is divisible by b and
y-cvis divisible by a and therefore

14 = L=, where t is an integer
o, z=cu—0bt
y = cv + at, where t =0, £1, £2.- -

This is the general solution in integers.
Note. For positive integral solution, we must have cu — bt > 0 and

o+ at > 0 simultaneously. Hence =< t <Z.
If%=m+fwheremisanint.egerand0<f51, then t < m.
If?:n-l-f'wherenisanimegerandﬂsf’( 1, then t > n.
The total number of solutions in positive integers ism-n.

3.2.17. Integral solution of the equation az—by =¢ where a,b,c

are positive integers and gcd(a.b) = 1.

Since gcd(a, b) = 1, there exist integers v and v such that au+bv = 1.
Therefore az — by = c(au + bv)
or, a(z - cu) = b(y + cv).

CLg
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Since a and b are prime to each other, z — cu is divisip), by
v + cv is divisible by a and therefore b"ﬂ

== '?-:t,wherethmlntager
or, z=cu+b

Yy = —cv +at, where t =0,£1,£2,-..
This is the general solution in integers.

Note. For a positive integral solution, we must have cu
~cv +at > 0 simultaneously. Hence t >=* and ¢ > 2,

Let the integral part of max { =, 2} be m. Then the S0lutjn,
positive integers correspond tot =m+1,m+2,... Clearly, the Dnmb:
of positive integral solutions is infinite.

-l~f1t>[).mj

Worked Examples (continued).

11. Find the general solution in integers of the equation 7; +1ly=

Since 7 and 11 are prime to each other, there exist
such that 7u + 11v = 1. Here u = 8,v = 5.

Then 7z + 11y = 7.8 - 11.5

or, 7(z-8)=-11(y+5).

Since 7 and 11 are prime to each other, z — 8 is divisible by 1 aad
¥ + 5 is divisible by 7 and therefore

251 = H8= ¢, where ¢ is an integer
or, z=8-11¢t

¥ = -5+ Tt, where t=0,+1,+2,...

This is the general solution in integers.

inbegm uand,

Note. For a positive integral solution, we must have 8 — 11¢ > 0 and
—5.4 7t > 0 simultaneously. Hence F<t< i '

.. No such integer ¢ exists. Hence there is no solution of the equation
in' positive integers.

12. Find the general solution in integers of the equation 5z+12y =&
Examine if there is a solution in positive integers.

Since 5 and 12 are prime to each other, there exist integers u 834"
such that 54 + 12v = 1. Here y = Sv=-2

Then 5z + 12y = 80(5.5 - 12.2)
or, 5(z - 400) = ~12(y + 160).

Since 5 and 12 are prime to each other, z — 400 is divisible b ?

and y + 160 is divisible by 5 and therefore
240 L0 4 where t is an integer
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,3400"12‘
ofy v=5¢_160, where t =0, £1,42,...

This is the general solution in integers.
s positive integral solution, we must have 400 - 2t > 0 and

160> 0 simultaneously. Hence 32 < ¢ < 190,
5t The only solution in positive integera corresponds to ¢ = 33 and the
dwmbz=ﬁv=&
5. Find the general solution in positive integers of the equation 12z -
7y = 8-

Since 12 and 7 are prime to each other, there exist integers u and v
quch that 12u+7v =1. Here u =3,v = 5.

or, 12(z —24) =T(y - 40).

Since 12 and 7 are prime to each other,  — 24 is divisible by 7 and
y-40is divisible by 12 and therefore

U= '1';°= t, where ¢ is an integer
or, z=Tt+24

y = 12¢ + 40, where ¢t = 0, +1,42,.-.
This is the general solution in integers.

For a solution in positive integers we must have 7t + 24 > 0 and
12t +40 > 0. Hence ¢ > =24 and t > 2.

The least integral value of t is —3. Hence the general solution in
positive integers is given by z = 7t + 24
v = 121 + 40, where ¢ is an integer > —3.

Note. The solution corresponding to ¢t = —3 is given by z =3,y = 4.
The general solution in positive integers can be expressed as
z=Tt+3 y=12t+4, where t is an integer > 0.

3.3. Prime numbers.

An integer p > 1 is said to be & prime number, or simply a prime, if
its only positive divisors are 1 and p.

An integer > 1 which is not a prime is said to be a composite number.

The integers 2,3,5,7,11,... are prime numbers, while the integers
4.6,8,9,... are composite numbers.

The integer 1 is regarded as neither prime nor composite.

2 is the only even prime number. All other prime numbers are
fecessarily odd.



ALGEB
124 HIGHER RA

Theorem 3.3.1. Ifpbea prime numnber and 1 < ¢ < D they .
to a. Pls%
Proof. Let d = ged(a,p). Then d | a and d | p.

Since p is & prime and d|p eitherd=pord=).

But since o < p and d | a, d cgnnot be p. Therefore 4 - g
prime to a. O "

Theorem 3.3.2. If p be a prime number and « is ay integer
that p is not a divisor of a, then p is prime to a. p

Proof. Let d = ged(a, p). Then d|aandd]p.

Since p is a prime and d | p, either d = por d = 1.

But d # p since p is uot a divisor of a. Therefore ¢ = | o, 4,
prime to o. O

Theorem 3.3.3. If p be a prime number and a is au integer > P
that p is a divisor of a, then ged(u, p) = p.

Proof. Since p is a divisor of ¢, @ = pk where & is an integer.
Hence gcd(a, p) = ged(pk,p) = p.ged(k, 1) = p. O

Theorem 3.3.4. If p be a prime number and p | ub. then either p|,
or p| b

Pmof. If p| @ then the theorew is done.

If p is not a divisor of a then ged(a,p) = 1, since 1 and p ae the
ouly divisors of p.

Siuce ged(u, p) = 1, there exist integers 1 and v such that an+p =1
Then abu + ple = b.

Now p | uband p | pb = p| (eb)u+ (ph)r. since u and v are integess
That is, p| b.

This completes the proof.

Corollary. If p be a prime and p | aye; ...y, then p | ok for soue
where | <& <.

Proof. Tf p | ay we need not go further. If p is not a divisor of a1 1*’

by the theorem, p | ujay .. .y, ”
Il p is not & divisor of ua then p | u3a4 .. .a,,. Proceeding il # siml
manner, in a finite number of steps we arrive at the desired result-
A\l . sl
Theorem 3.3.5. A composite number has at least oue prime

N . . a8 8
P:vf;_{. Le.t " be.a composite munber, Since n is not a prime: '
positive divisor dther than 1 and 1,
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 be the set of those positive divigo .
pelt fn d n. Then S is non-empty. By th:"i wzll-lr::rwd:.ric: et
ﬁ““’sgt N, § contains 3 least element, say d. Then ] < 4 <g T of
‘bew,pro“?"ha‘d'sapnme' ifdbenotapﬁmethendh;adj i
d;o;hef‘hmdwd;;;?: 1 <n'~‘<d<n. Butd’ldanddln:#d’vrzr
4 £e 3 and t contradicts that d is the Jeast element of S.
her Tberefdu ore d is a prime and the theorem is done. O .

worked Examples.
|, Prove that for n > 3, the integers n, n+2, n+4 cannot be al| primes.

Any integer 7 is one of the forms 3k, 3k + 1, 3k + 2, where £ is an
mwffe;; 3k, then n is not a prime.
[fn=3k+1 then n+2=3(k +3) and it is not a prime.
Ifn=3k+2, then n-!-4=3(k+2) and it is not a prime.
Thus in any case. the integers n, n + 2, n + 4 are not all primes.

2. lip> ¢ > 5 and p,q are both primes, prove that 24 | p* - ¢*.

Since p and ¢ are primes > 3, p and q are of the form 3k + 1 or
3k + 2, where k is an integer.

If both p and g are either of the forms 3k +1 or 3k +2, then 3 | p—q.

If one of p and q is of the form 3k + 1 and the other is of the form
3k+2 them3|p+gq.

Thus in any case, 3 | p? - ¢*.

Since p and ¢ are odd primes, p and ¢ are of the form 4k + 1 or
4k + 3, where k is an integer.

If both p and q are of the form 4k + 1, then2|p+qand4|p-gq.

Ubothpandqareoft.heform4k+3.t.hen2|p+qand4|p-q.

If one of p and ¢ is of the form 4k + 1 and the other is of the form
ik +3,thend |p+qand 2|p-q.

Thus in any case, 8 | p* - ¢”.

Since 3 and 8 are prime to each other, 24 | p? - 4"
3. If p and p? + 8 are both prime numbers, prove that p=3.

-]"A'n““‘eserpisoneofthe forms 3k, 3k + 1, 3k + 2, where k is an
Up=3k+1, then p? +8 = 3(3k* +2k +3)- Since p* +

f;'!k-;.:gmm be 1 for some integer k and in that case

ﬁButEnrnoimeggk, 3k2 + 2k + 3 can be 1 and for no integer k,
+8 can be 3. Therefore p = 3k + 1 is an impossibility.

8 is a prime,
p? + 8 must
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If p = 3k + 2, then p*+8= 3(3k? +4k + 4).. Since p? 4 § iny N
3k2 4+ dk + 4 must be 1 for some integer k and in that cage R L l::
l“‘ 3‘ . . . e

By similar arguments, p = 3k + 2 is an 1mposs|bq,gy_

Therefore p = 3k, where k is an integer. Since p is a Prime, 4 .
be 1 and therefore p = 3. g

4. If 2" - 1 be a prime. prove that n is a prime.

Let n be composite. Then n = p.q where p and q are integer,%
greater than 1. i

ogn _1=2M _1=(2p_1)(2p(c-l)+2p(q 2)+___+2p+1)‘

Each factor on the right is evidently greater than 1 ang th%
9" - 1 is composite.

Contrapositively, 2" — 1 is a prime implies n is a prime,
5. Prove that n' + 4" is a composite number for all natural nypy,,
n>l.

Case 1. Let n be even.

Then n* + 4" is divisible by 4 and.so it is a composite number.
Case 2. Let n be odd and n = 2k + 1, where k is a natural numbe
Then n' + 4" = n* + 4.4%f = n* + 4a*, where a = 2*

= (n?+2a%)2-(2an)? = (n?+2an+2a?)(n? -2an+2')

(n*+2an +2a?) = (n+a)? +a? and (n? - 2an +20?) = (n-a)t+c’

Each is a positive integer greater than 1, since a is a positive intege
> 1. Consequently, n* + 4" is a composite number when n is odd.

Hence n? + 4" is a composite number for all n > 1.

6. Let p be a prime and a be a positive integer. Prove that o
divisible by p if and only if a is divisible by p.

Let a be divisible by p. Then a = pk for some integer k.

a" =p"k" = p(p"~'k") = pm, where m is an integer.

This shows that " is divisible by p... ... ()

Let a be not divisible by p. Since p is a prime, ged(a.p) @ !
Therefore there exist integers v and v such that au + pv = 1-

Then a™u" = (1 - pu) = 1 - ps where s is an integer

or, @"r+ps=1 where r,s are integers. b

This shows that ged(a™,p) = 1 and therefore a® s not divis™"
p. Hence a is not divisible by p = g™ is not divisible by P-

Contrapositively, rie”"=3p|a... (ii)

From (i) and (ii) the desired result is obtained.
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3.6. (Fundamental theorem of Arithmetic)

Tbﬂrem S int is either 1 eesed
pasitive“}ewmm er 1, or a prime, or it can be
::Yw duct of primes, the representation being unique excepe’tq:':;r the
8s
f

0 the pﬂme faCtom

Let n be a pOBitiVe inbeger. Eithﬁl‘ n=lorn> 1.
m{'mment that n(> 1) is either a prime, or it can be e,:,f:;;g"l,b:
prod“‘-'-" of primes: . .

p() is true, since 2is a prime.

Let UB wme( t:at P(n) is true for all n, where n is a positive integer

that 2<n S K.
suc:fg.{.l be itself a prime then P(k + 1) is true and by the second
principle of induction, P(n) is true for all positive integers 5 > 1.

Ifk+1 be not a prime then it is a composite number. Let k+1 =rs
whemn,mint.egemwith2$r<k+l,2_<_a<k+1.

By induction hypothesis, P(r) and P(s) are both true. Then

r=pipa..-Pi Where py,pa,...,p; are primes, i > 1;

s=qi¢2..-qj where g1,ga,...,q; are primes, j > 1.

Thus k + 1 is expréssed as the product of primes and P(k + 1) is
proved to be true. By the second principle of induction p(n) is true for
all positive integers n > 1.

‘Hence the first part of the theorem is established.

In order to prove uniqueness of the representation, let us assume
that n = pyp2...Px = G142 - - - Gm, Where p; and g; are all primes.
Since p; | n, it follows that p; | 192.. . gm.

Since p, is a prime, p; | g~ for some r where 1 < r < m. But since
p and g, are both primes, py = gr.

Weobtain  pyps...pk = q192---Gr-1Gr+1 .- Gm-

We repeat the argument with p; and obtain p, = g, for some s where
1<s<m,s#r. Then :

PPa-- Pk = Q12 ---Gr—1Gr41 -+ - Qo-10s+1 - - - Gm-

If k < m, then after k steps the left hand side reduces to 1 and the
"!h‘ hand side becomes the product of m — k q's, each of which is &
Prime. This cannot happen. Therefore k > m.

Ifk > m, then after m steps the right hand side reduces to 1 and
left hand side becomes the product of k —m  p's, each of which is
Prime. This cannot happen. Therefore k < m.
Hm“"‘ =m and the products p1pz..-Pm: 142 - 0k give the same
tation except for the order of the factors.
Thus n(> 1) is expressed as the product of a number of primes, the
“Preseatation being unique except for the order of the factors. D
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3.3.9. The number of positive divisors of a positive integ,.

Let n be a positive integer greater than 1. Then n cap }),
a8 n = p %, %, where the primes p; are distip
P2 < -+ < py and the exponents a; are all positive,

pr
ct With?:?

If in be a positive divisor of n then m is of the form p; ™15, «, )

where 0 < u; <a,0<u < 03,...,0 S ur < 1.

I""

Thus the positive divisors of n are in one-to-one corTespondency
the totality of r-tuples (u1.z....,ur), where 0 < u; <) g ¢, "
ag,...,0 < v < ay. BN

The number of such r-tuples is (m + 1)(a2 + 1)+ (a, + 1),

Hence the total number of positive divisors of n is (a, 4+ (e -
1)---(a,+1). =T
If n =1, then there is only one positive divisor.

Note. The total number of positive divisors (cv; +1)(ay + 1) (a4
include both the divisors 1 and n. !

Definition. The number of positive divisors of a positive integer p i
denoted by (n). (tau n)
If the canonical form of a positive integer n(> 1) be
n=pMp®...p0r,
then 7(n) = (ay + 1)(@2 +1)--- (@ + 1); and (1) = 1.
For example, 7(48) = 7(2* 3) = (4 + 1)(1+ 1) = 10.

Theorem 3.3.10. The total number of positive divisors of a positive
integer n is odd if and only if n is a perfect square.

Proof. Let n(> 1) be a perfect square and let the canonical form of 1

be n=p%p°.. . p°, where p, < pp < - < p, and n, arc al
positive.

Then each of ay,aq,...,q, is an even integer and 7(n) = (m *
1)(o2 +1)---(ay +1) is odd.

If however, n = 1, a perfect square, then 7(n) = 1 and it is odd

Conversely, let (ay + 1){aq + 1)---(a, + 1) be odd. Then each of "lf,
factors @y + 1,02 + 1,...,ay + 1 must be odd. Consequently, each ¢
@1,02,...,0, must be even and 7 is therefore a perfect square.

This completes the proof.
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g1 The sum of all positive divisors of a positive Integer.
83 '

wnbe'po,mvelntegerpemthm 1. Thenncanbeexpresud
n=Pl°'ma’"'p'°" where the primes p, are distinct with fr <
<-_.<p,.aﬂdal > 0.

’ Ewpaaitlvedlvisorofnisaterminthepmduct

(147 +p?+'°'+P?')(1+P2+‘°'+Pg')--v(1+p,+...+pgr)

conversely, each term in the product is a divisor of n.
Hence the sum of all positive divisors of n

— (14p AP+ AP ) (14Pa i+ - 45Y) L (L4 pe R4 - 4p27)

8s

pf,ﬂ_l p:a-l-l,l ar+l_y
— m_, . m—l . h-l .

Ifn:l,thﬁ’um:l-

Definition. The sum of all positive divisors of a positive integer n is

deacted by o(n). (sigma n).

. If the canonical form of a positive integer n{> 1) be
n=p%p...p0,

st Pt
then o(n) = T T e ;and o(1) = 1.

Definition. A function whose domain is the set of all positive integers is
aid to be a number-theoretic function (or an arithmelic function). The
range of a number-theoretic function need not be the set of all positive
integers, We shall encounter some simple number-theoretic functions
which assume positive integral values.

The functions 7 and ¢ are examples of number-theoretic functions.

A bumber-theoretic function f is said to be multiplicative if f(mn) =
f(m)f (n) for all integers m, n such that m,n are prime to each other.

;','::rem 3.3.12. The functions 7 and ¢ are both multiplicative func-

Proof. Let ™, n be relatively prime integers.
‘{v(mn) = 7(m)7(n) holds trivially if either m or n is 1.
Le:'lﬂllnum>landn> 1.
where Mm=pipa o.pyor and n = qlﬁimﬂa _”q.ﬂ-'
Shz-%mpﬁmmda.?_ 1,621
™, % are relativey prime, each p; Is different from each g;.

fore the prime factorisation of mn is

Mi=pa
h lp’ﬂ; .. .prarqlﬂlqzh .. .q.ﬁl.
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r(mn) = (o +1)(02 + 1)...(ar + DB +1)(B2 +1).. (g 'y
= r(m)r(n).
ay#l_g Pngﬂ_l ' artl_y @Mty vl
o(mn) = -1 J;.'-T' =1 ' @=l ' g-1 ' m‘l_
= g(m)o(n). W,

Hence 7 and o are multiplicative functions.

tion. Perfect number. A positive integer n is gajq
%ﬂﬁ number If a(n) = 2n, ie., If n be the sum of all jtg

divisors excluding ltself.
;;r axample, 6 s a perfect number. 28 is another.

to be L
Mti'le

Worked Examples.
1. Find 7(360) and o(360).
260 = 23.32.5. Therefore 7(360) = (1+3).(1+2).(1+1) =2,
o(360) = L= 31851 =15.13.6 = 1170,
2. Find the number of odd positive divisors of 2700.
9700 = 22.3°.5%. Every positive divisor of 2700 is of the form
a1 302 503 where 0 <oy $2,0€0a3<3,0<a3 < 2,
Therefore each term in the product (1+2+23)(1+3+32+3)(1+
5+ 52) is a positive divisor of 2700 and conversely.
The odd positive divisors of 2700 are given by the terms of the
product 1.(1 +3+ 3% +3%)(1 + 5+ 5%).
The number of odd positive divisors are (3 + 1)(2 + 1), i.e.,12.
3. Find the sum of all even positive divisors of 2700.
From the previous example it follows that the even positive divisors

of 2700 are given by the different terms of the product
(2+2)(1+3+32+3%)(1+5+5%).
The sum of the even positive divisors
= (24 22)(1+ 3+ 3% + 3)(1 + 5 + 5%)= 6.40.31 = 7440.
4. Let k > 1 and 2* ~ 1 is  prime, If n = 2¥~1(2* — 1) then show th#
n is a perfect number.
2* -~ 1 is an odd prime, say p.

h:r(") = 0(2*~'p) = ¢(2*~1)o(p), since 2*~* and p are prime t0 €*"
other.

o) =142422+... 4261 = 2% _ ] and o(p) =1 +P
Therefore o(n) = (2* - 1)(1 + p) = (2% - 1)2k = 2n.

This proves that n s a perfect number.
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. le shows that if 2 — 1 (
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ch monk and an

If
o 8 dyorerd be the list of all positive divisors of a positive integer
) Ino' . —an
g 1 o *+a};+...+al:_—(—ln . .
m, POVe X557 itive divisor = - is also a positive divisor.” As d runs
is 8 POSTY itive divisors of n, & also does so.
he set of all positive diviso v d
through b0e S€» & £ ot B =dy i+ +dy=oln)
fore 7+ 2; + de
There 1 o _ o(n)
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